Bundles of C^-categories 

Ezio Vasselli 

Dipartimento di Matematica 
University of Rome "La Sapienza" 
P.le Aldo Mom, 2 - 00185 Roma - Italy 
vasselli@mat.uniroma2.it 

June 16, 2008 

Abstract 

We introduce the notions of multiplier C*-category and continuous bundle of C^'-categories, 
as the categorical analogues of the corresponding C*-algebraic notions. Every symmetric tensor 
C*-category with conjugates is a continuous bundle of C*-categories, with base space the 
spectrum of the C*-algebra associated with the identity object. We classify tensor C*-categories 
with fibre the dual of a compact Lie group in terms of suitable principal bundles. This also 
provides a classification for certain (7*-algebra bundles, with fibres fixed-point algebras of Od ■ 

Keywords: Tensor C*-category; Continuous field; Principal bundle; Cuntz algebra. 

1 Introduction. 

C*-categories have been studied in recent years from several points of view, and with several mo- 
tivations, as duality for (quantum) groups ( [12l [35l [10] ) , quantum field theory ([Mill]), if -theory 
([21]). In the present work, we provide a notion of bundle in the categorical setting, and then 
show that every C*-category endowed with a tensor structure is a bundle in the above-mentioned 
sense. This allows us to provide classification results by mean of cohomological methods, and then 
to approach a duality theory for group bundles and groupoids. 

A tensor category is described by a collection of objects p, a , . . ., together with vector spaces 
denoted by {p,a) , . . . , called the spaces of arrows. Arrows t £ {p, a) , t' G (a, r) can be composed 
to obtain an element t' o t G {p, t) , so that in particular every (p, p) is a ring. Moreover, the 
objects can be multiplied, via the tensor product p,cr >—>■ p® and the existence of an identity, 
denoted by is postulated in such a way that l ® p — p ® l — p for every object p. The 
aim of duality theory is to characterize tensor categories in terms of duals, i.e. categories with 
objects vector spaces and arrows linear maps equivariant w.r.t. a (possibly unique) dual object. In 
correspondence with the additional structure carried by the given tensor category, the dual object 
turns out to have different natures; for example, we may get a compact group (|12j). an algebraic 
group (lij), a compact quantum group (|35j). a multiplicative unitary ([10]). just to mention some 
of the known results. The above-considered cases are characterized by different properties of the 
tensor structure: the crucial ones are the symmetry for [HI [7] and the braiding for [3Sl[in!i which 
describe the commutativity of the tensor product. On the other side, a point which is common 
to all the cases is the following: the identity object is simple, in the sense that the ring (i, l) is 
isomorphic to the field of scalars. 
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In the present paper, we proceed with the program started in [30] to construct a duahty theory 
for the case in which the given tensor category is symmetric and with non-simple identity. Our 
setting is the one of tensor C*-categories, considered in [TH[3nilin]; in particular, this implies that 
((,, l) is a commutative C*-algebra. The condition that t is non-simple is translated as the fact that 
the spectrum of ((., t) does not reduce to a single point. We show that every tensor C*-category 
has a canonical structure of a bundle, and study the important class of special categories, which turn 
out to be bundles with 'fibre' the dual of a compact Lie group. We provide a complete classification 
for special categories, in terms of a suitable cohomology set. Such a classification admits a natural 
translation in terms of continuous bundles of C*-dynamical systems, with fibre a fixed-point algebra 
of the Cuntz algebra Od ■ 

Our research program is intended to provide a generalization of the Doplichcr-Roberts duality 
theory 1121 113p . Anyway, as we will show in a forthcoming paper, dramatic differences arise 
in the case with non-simple identity, concerning non-existence and non-unicity of the dual object, 
which will turn out to be (when existing) a bundle of compact groups, or more generally a groupoid. 
These phenomena have a cohomological nature, and their root is the classification provided in the 
present work. As a future application, we will provide a new kind of twisted topological equivariant 
iiT-functor, related to the gauge-equivariant -theory introduced by V. Nistor and E. Troitsky 
([25]). The construction of such a if-functor is outlined in [M] . 

The motivation of [12] was the search for the gauge group in the setting of superselection sectors 
in quantum field theory ('13]). Motivated by similar structures arising in low-dimensional quantum 
field theory and quantum constraints, a duality theory for tensor categories of C*-algebra endo- 
morphisms has been developed in [5]: the set (i, l) is identified as the centre of a given 'observable' 
C*-algebra, and the existence of a subcategory (with simple identity) satisfying the Doplicher- 
Roberts axioms is postulated, with the result that the reconstructed dual object is a compact 
group. The tensor C"''-categories above considered turn out to be 'trivial bundles' in the sense of 
the present paper, as remarked in fST, Ex.5.1]. 

The present work is organized as follows. In Sec[21 we introduce the notions of multiplier C*- 
category (Prop |2?2)) and Ci^^X)- category (00 ^2.41 X denotes a locally compact, Hausdorff space), 
which generalize the ones of multiplier C*-algebra and Cq (A') -algebra. As an application, the 
notion of multiplier C*-himodule is introduced fCor l2.3p . We prove that every Cq (A) -category 
has a canonical bundle structure (Prop l^TB)) . and consider the notion of continuous bundle of C*- 
categories. In SeclSl we study tensor C*-categories with (t, /,) ^ C. We prove that every tensor 
C*-category is a C(A') -category in a canonical way, where C(A') is a suitable C*-subalgebra 
of (t, t) fProp |3T|) . In particular, a symmetric tensor C*-category with (twisted) conjugates is 
a continuous bundle, having as fibres duals of compact groups (Thm l3?9l Rem l3.4|) . The above- 
quoted theorem has an analogue in the setting of 2-C*-categories with conjugates ( Ml §3]); our 
proof is different, and is based on the notion of (twisted) special object (see p. 161) ). Once that 
a bundle structure is considered for symmetric tensor C*-categories, it is natural to formulate a 
coherent notion of local triviality (Def l3.10)) . A special category is a locally trivial, symmetric tensor 
C*-category such that the fibre T, is isomorphic (up to direct sums) to the dual of a compact Lie 
group G (Def l3.13|) . Special categories with fibre T, are completely classified by the cohomology 
set H^{X'-,QG) (Thminmi), where QG is a suitable compact Lie group associated with G (see 
(13.22^ ). Finally, we consider a canonical G-action on Od, and give a classification for continuous 
bundles with fibre the fixed-point algebra Og (Sec|4]). 
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1.1 Notation and Keywords. 



Let X be a locally compact HausdorfF space. We denote by: Co{X) , the C*-algebra of (C-valued) 
continuous functions on X vanishing at infinity; Cb{X) , the C*-algebra of bounded, continuous 
functions on X ; C{X), for X compact, the C*-algebra of continuous functions on X ; Cu{X), for 
[/ C X open, the ideal in Co{X) of functions vanishing on X — U; Cx{X) := Cx-{x}{X) , x G X . 
If {Xi} is a cover of X , then we denote Xij :— Xi D Xj , Xijk :~ Xi(^ Xj C\ Xk ■ 

If ^ is a C*-algebra, we denote by aut^ (resp. end^) the set of automorphisms (resp. 
endomorphisms) of A, endowed with the topology of pointwise convegence. A pair p), where 
p G end^, is called C*-dynamical system. If p), {A' , p') are C*-dynamical systems, a C*- 
algebra morphism a : A ^ A' such that ao p — p' o a is denoted by a : {A, p) — > {A! , p') . 

Finally, for every d e N we denote by U(d) the unitary group, and by SU((i) the special unitary 
group. 

1.1.1 Co (X) -algebras. 

Let X be a locally compact Hausdorff space. A Cq{X) -algebra is a C*-algebra A endowed with a 
non-degenerate morphism from Ca{X) into the centre of the multiplier algebra M{A) ( |21[ §2]). It 
is customary to identify elements of Co{X) with their images in M{A). We call Co (X) -morphism 
a C*-algebra morphism commuting with the above Co(X) -action; in particular, we denote by 
autx-4 (resp. endx.4) the set of Co (X) -automorphisms (resp. Co (^) -endomorphisms) of A. 
It can be proved that Co (^) -algebras correspond to upper-semicontinuous bundles of C*-algebras 
with base space X (US]); in particular, every continuous bundle of C*-algebras ([9j Chp.lOj.p^) 
is a Co (X) -algebra. The fibres of A are defined as the quotients Ax ■— A/{Cx{X)A) , x £ X . We 
denote by iJJx the minimal Co(X) -algebra tensor product [HI §2]. If .4, B are Co(X) -algebras, a 
Co{X) -Hubert A-B -bimodule is a Hilbert ^-B-bimodule Ad such that afipb = aipfb, f G Co(^) , 
a e A, b eB, ip e M. 

1.1.2 bi-Hilbertian bimodules. 

The following notion appeared in [IB]. Let ^, i3 be C*-algebras, M a Hilbert ^-i3 -bimodule such 
that the C*-algebra K{A4) of compact, right i3-module operators is contained in A. Then, besides 
the usual B-valued scalar product (•, •)g , there exists an ^-valued scalar product {tp, ■= O^^^i , 
where ip.ip' e M, and 6*^^^/ G K{M) C A, 9^^^'(p := ip {^p' , (p) ig , if e M. We say that M is 
a bi-Hilbertian bimodule if ||^/'|| = ip £ y ^-nd use the notation aM.B- A morphism of 

bi-Hilbertian bimodules is a bounded linear map (p : a-^b ^ A'J^'b' : with C*-algebra morphisms 
(t>i : A A' , <Pr : B ^ B' such that (/)(a#) = 0i(a)(^(^)</).(fe) , ^^((V',^')^) = ('/'W, 0(^'))f5' , 
Mi^, ^')a) = W^),^i^'))A' , eM, aeA, beB. 

1.1.3 Bundles. 

For standard notions about vector bundles, we refer to the classics [Ulinilin]- In the present paper, 
we will assume that every vector bundle is endowed with a Hermitian structure (see [201 1.8]). If 
X is a locally compact Hausdorff space, we denote by vect(X) the category having as objects 
vector bundles with base space X , and arrows vector bundle morphisms. In the present work, we 
will also deal with Banach bundles in the sense of [15] (i.e., bundles of Banach spaces that are not 
necessarily locally trivial). About the related notion of continuous field of Banach spaces, we refer 
to [i Chp.lO]. 
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2 Multipliers, Co(X) -categories. 



A category C not necessarily endowed with identity arrows is said to be a C*-category if every 
set of arrows (p, a) , p, ct G obj C , is a Banach space such that the composition of arrows defines 
hnear maps satisfying \\t' o t\\ < \\t'\\ \\t\\, t £ (p, c) , t' E (cr, r); moreover, an antihnear isometric 
cofunctor * : C — > C is assigned, in such a way that \\t* o t\\ — \\t\\^ . Our C*-category C is said to 
be unital if every p G obj C admits an identity arrow Ip G {p, p) such that t o Ip = t, t G (p, cr) . 
Functors between C*-categories preserving the above structure are said C*-functors; in particular, 
we will use the term C* -mono functor, resp. C*- auto functor, resp. C*-epifunctor in the case in 
which the given C*-functor induces injective, resp. one-to-one, resp. surjective Banach space maps 
on the spaces of arrows. If "D is a C*-subcategory of C , then we use the notation V C C; in such 
a case, every space (p, cr)i5 of arrows in P is a Banach subspace of (p, a) . Basic references for 
C*-categories are [HI [TH] ; non-unital C"''-categories have been considered in [23] . 

For the notions of subobjects and direct sums, we refer to [121 §1]. The closure for subojects 
of a C*-category C is the C*-category Cs with objects E = E* = E"^ G {Pt p) t P ^ obj C , and 
arrows {E, F) :~ {t E {p, <t) : t = F o t ^ t o E} ; by construction, Cs has subobjects. The additive 
completition of C is the C*-category C+ with objects n-ples p :— (pi, . . . ,Pn), n G N, and arrows 
spaces of matrices {p,a) :— {{tij) : tij G {pj,(Ji)}; by construction, C+ has direct sums (see [Ml 
Def.2.12]). 

A (unital) C*-category with a single object is a (unital) C*-algebra. A C*-category with two 
objects is a bi-Hilbertian C"''-bimodule, together with the conjugate bimodule. 

2.1 Multipliers. 

Let C be a C*-category. Then, every (p, p) , p G obj C , is a C*-algebra, and every (p, a) can be 
endowed with the following structure of a bi-Hilbertian [a, cr)-(p, p) -bimodule: 

f b,t i-^ b o t , t,a ^ t o a 

\ {t, t*ot' e (p, p) , (f, t), t' o r G {a, a) , 

a G (p,p), be {a, a), t,t' G (p,a); in fact, \\tf = || (i,t)J| = Let p,(t,^ G objC; 

according to the above-defined structure, we say that a bounded linear map T : (^,p) — > (Cc) is 
a rig/ii (S^,^) -module operator if r(i o a) = T(t) o a, t G (i^,p), a G (CiC)- the same way, a 
bounded linear map T' : (p, ^) — s- (c, ^) is a Ze/it -module operator if r'(a o t) = a o T'it), 

t G (p, J G (?jO- ^ multiplier horn p to cr is a pair {T^ ,T'^) , where T' : (p, p) — > (p, c) is a 
right (p,p) -module operator and : {(J, a) (p, f) is a left (cr, cr) -module operator, such that 
the relation 

boT\a) = T''{b)oa (2.1) 

is satisfied for every a e {p, p) , 6 G (cr, cr) . We denote by M(p, cr) the set of multipliers from p into 
cr. Note that (|2.ip implies H?"'!! = ll^' H . In order to economize in notation, we define 

Ta T\a) , bT := r''(6) , T G Af (p, cr) , 

so that (|2.ip can be regarded as an associativity constraint: 

boTa^bT oa e {p,cr) . (2.2) 

Example 2.1. Let i G {p,cr)- We define A/ta := i oa, 5Aft :— bot, a E {p, p) , b E {(J,o-). It is 
clear that Mt E M{p,a). For every p G obj C, we also define IpO = alp := a, a E {p,p)- It is 
clear that Ip G M{p,p); we call Ip the identity multiplier of p. 
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An involution is defined on multipliers, by 

M{p,a)-^M{a,p) 

T^T* : T*b := {b*T)* , aT* := (Ta*)* . ^ ' 

In the case p = ct, a composition law can be naturally defined: if A, A' G -Af (p, p) , then the maps 

{p, p)3a^ A'{Aa) , {p, p) 3 a ^ {a A) A' , 

define a multiplier A' o A G M{p, p) . It is now clear that every A G M {p, p) defines a multiplier of 
{PtP) in the usual C*-algebra sense, so that M{p,p), endowed with the above *-algebra structure, 
coincides with the multiplier algebra of (p, p) , with identity Ip . 

Lemma 2.1. Let C be a C*-category. For every p,a,T G obj C, there are maps 

M{<j,T)x{p,a)^{p,T) , {S,t)^ St:=\imx{Sel)ot 

(a, r) X a) {p, r) , (f, T) ^ t'T := lim^ t' o (e^T) ^ ' ^ 

where (e^)^ C (ct, cr) is an approximate unit. The above maps naturally extend the composition of 
arrows in C . 

Proof. By [THl Prop. 2. 16], every (p, cr) is non-degenerate as a Hilbert bimodule w.r.t. the left 
(cr, cr) -action and right (p, p) -action. Thus, every t G (p, cr) admits factorizations t = bot2 = tioa, 
ti,t2 G {p,a), a & {p,p), b e (ct, cr) (see [3J Prop. 1.8]). Let 5 G M((t, r). We consider the net 
{(S'eJ) o t}^ , and estimate 

||(5e^)ot- (56) 0^211 =\\S{elob-b)ot2\\ 

< \\Sie-^ob-b)\\\M 

< \\S\\\\elob-b\\\M . 

Since by definition of approximate units ||e^ o 6 — fo|| 0, we conclude that {(5*6^^) o t}^ converges 
to (5*6) o t2 £ (p, cr) . Note that the limit is unique, and that it does not depend on the choice of 
the approximate unit. The same argument applies for the net {t' o (e^T)}, and this proves the 
lemma. □ 

We can now introduce the composition law 

M{a,T)xM{p,a)^M{p,T) 

S,T^SoT : {SoT)a:= S{Ta) , c{SoT):= {cS)T , ^ ^ 

a e {p, p) , c e {t,t) , T e M (p, a), T' G M (cr, t) . Note in fact that Ta G (p, a), cS e (r, cr) , thus 
we can apply the previous lemma and perform the compositions S{Ta), {cS)T . 

A C*-subcategory Z C C , with arrows (p, cr)i C (p, cr) , p, cr G objZ = objC , is said to be an 
ideal if i o f G (r, cr)i , t" o t e (p, for every t G (p, cr)x , t' G (r, p) , t" G (ct, ^) . If I C C is 
an ideal, we write X <i C . In particular, Z is said to be an essential ideal if every ideal of C has 
nontrivial intersection with T (i.e., (p, cr)i n (p, (j)j^ {0} for some p,<J £ obj C, ^7 <l C). 

Proposition 2.2. Lei C be a C*-category. The category M(C) having the same objects as C , and 
arrows M{p^(j), p, cr G obj C , is a unital C*-category. Moreover, the maps 

{{p,a)3t^ Mt£M{p,a)} 

defined in Ex \2.1\ induce a C*-monofunctor I :C ^ M{C), in such a way that I{C) is an essential 
ideal of M{C) . If C is unital, then I{C) — M{C) . If C is an essential ideal of a unital C*-category 
C , then there exists a C*-monofunctor I' : C ^ M{C) extending I . 
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Proof. It follows from Lemma [^?T] that M(C) is a C*-category, with units defined as by Ex l'i.ll It is 
clear that / is a C*-functor; by well-known properties of multiplier algebras the maps / : (p, p) —> 
M(p,p) are isometric, thus if i e (p, (t) , then \\tf = \\t*ot\\ = ||Af(rot)|| = ||M(t)f. This 
implies that J is a C*-monofunctor. Let now C be a unital C*-category as above; we denote by 
(p, cr)' the spaces of arrows of C (by definition of essential ideal, we identify obj C with obj C'). 
For every w G (p, a) we define a multiplier e M{p, a) , 

J MwO w o a , a £ {p,p) 
\ bMw :— bo w , b E (a^cr) 

(note in fact that w o a, bow G (p, cr)). In this way, we obtain a C*-functor I' : C ^ M{C), 
w ^ Myj , which reduces to / for arrows in C . In the case p = a, we find that /' induces C*- 
algebra morphisms : (p, p)' ~f M{p,p); such morphisms are injective by [551 Prop. 3. 12. 8]. Thus, 
if w G (p,(t)', then ||it;f = \\w* o w\\ = \\M^'o^o\\ = □ 

In the case of C*-categories with two objects, we obtain a construction for bi-Hilbertian bimod- 
ules: 

Corollary 2.3. Let A, B he C*-algebras, aM^B o, bi-Hilbertian bimodule. Then, there exists 
a universal bi-Hilbertian M {A) - M {B) -bimodule M{M.) with a monomorphism I : a-^B ~^ 
M (A) M (Ai) M (B) ^ o-iT-d satisfying the universal property w.r.t. bi-Hilbertian himodules containing 
Ai as essential ideal. 

Example 2.2. Let X be a locally compact, paracompact space, G N, and £ ^ X a. rank d vector 
bundle. We denote by T^E the Co(X)-module of continuous sections of E vanishing at infinity, and 
by Tq{£,£) the C*-algebra of compact operators of Vq£ . Then, Vq{£,E) is a continuous bundle 
of C*-algebras over X , with fibre the matrix algebra M^; ; moreover, TqE naturally becomes a 
Hilbert ro(f , 5)-Co(X)-bimodule. We consider the C*-category C with objects p,(J, and arrows 
(p, p) := Co{X), {a; a) :— ro{£,8), {p,a-) :— ro{8), {(T,p) :— V^S (i.e., the conjugate bimodule 
of T[){£)). Let Vi,{£,£) denote the C*-algebra of bounded, continuous sections of the C*-bundle 
associated with Tq{£,£), and F^f the module of bounded, continuous sections of £. Then, M{C) 
has arrows M(p,p) = Cb{X) , M{a,a) Tbi£,£), M{p,a) = Tb£ (see [2 Thm.3.3]). 

A different approach to multiplier C"''-categories can be found in [19 . Since the universal 
property Prop l2.2l is satisfied by the C*-categories introduced in the above-cited reference, the two 
constructions provide the same result. 

2.2 Co (X) -categories. 

Let C be a C*-category. For every p G obj C , we denote by ZAI (p, p) the centre of the C*-algebra 
M (p, p) of multipliers of (p, p) . 

Definition 2.4. Let C be a C*-category, X a locally compact Hausdorff space. C is said to be a 
Co (^) -category if for every p G obj C there is given a non-degenerate morphism ip : Co{X) — > 
M(p,p), such that for every a G obj C, t € (p, cr) , / G Co{X) , the following equality holds: 

t ipif) = V(/) t . (2.6) 

The set {vl^gobj ^ is called Co{X)-action. It follows from (|2.6p that ip{f) G ZAI{p,p) for 
every p G obj C, thus (p, p) is a Co(v'C) -algebra. By definition, every (p, cr) is a Co (X) -Hilbert 
(ct, cr) - (p, p) -bimodule in the sense of Sec ll.l.ll A C*- functor rj : C ^ C between Co (AT) -categories 
is said to be a Co(A)-functor if r]{t ip{f)) = rj{t) i'n{p){f) for every t G [p,cr), p,a G obj C, 
/ G Co(A) . In the sequel, we will drop the symbol ip , so that (|2.6|) simply becomes tf = ft. 
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2.2.1 The bundle structure. 



Let X be a locally compact HausdorfF space, C a Co (X) -category, U C X a.n open set. The 
restriction of C over U is the C*-subcategory Cu having the same objects as C , and arrows the 
Banach spaces {p,cr)u '■= Cu{X){p,a) := span {ft,f G Cu{X),t G (p, cr)}; it is clear that C[/<1 C 
is an ideal, and that Cjj is a Co (C/) -category. Let now C X be a closed set. The restriction 
of C over W is defined as the C*-category Cw having the same objects as C, and arrows the 
quotients (p, a)w '■= {p, '^)/[Cx-w{X){p, o")] ■ K is easily checked that Cw is a C*-category, in fact 
composition of arrows and involution factorize through elements of Cx-w{X){p, , P, ^ G obj C . 
By definition, there is an exact sequence of C"''-functors 

O^Cx-w'^^'C^Cw. (2.7) 

In the case in which Cb{W) is a Co (X) -algebra (for example, in the case of X being normal), then 
Cw may be described as the C*-category with arrows (p, cr) (X>x Cb{W) , where ®x is the tensor 
product with coefficients in Co{X) defined as in Sec ll.l.ll Moreover, Cw has an obvious structure 
of C {(3W) -category, where (3W denote the Stone-Cech compactification of W . 

Definition 2.5. Let C be a Co{X) -category, x £ X . The fibre of C over x is defined as the 
restriction Cx ■= C^.^} ■ The restriction C*-epifunctor '■ C Cx is called the fibre functor. We 
denote by {p, a)^ the spaces of arrows of C^ , x £ X . 

Remark 2.1. Let C be a C*-category. Two objects p,a € obj C are said to be unitarily equivalent 
if there exists u G {p, a) such that u o u* = 1^ , u* o u = Ip. We denote by objuC the set of 
unitary equivalence classes of objects of C. Let now C be a Co (X) -category. By definition, the 
restrictions of C over open (closed) subsets of X have the same objects as C. In particular, this 
is true for the fibres Cx , x G X . Now, it is clear that the fibre functors map unitarily equivalent 
objects into unitarily equivalent objects. On the other side, p, a may be unitarily equivalent as 
objects of every , x Cz X , but this does not imply that p, a are unitarily equivalent in C . Thus, 
the maps objuC — > ohj^Cx induced by the fibre functors are always surjective, but not injective in 
general. 

Let : C ^ C be a Co(X) -functor. Then, for every x £ X there exists a C*-functor 
Fx : Cx ^ C'x such that 

FxOTlx=Tl'xOF (2.8) 

where tt^ : C ^ C'x are the fibre functors defined on C . In fact, if t, w G (p, a) and -Kxit — v) =0, 
then there exists a factorization t — v = fw, f G Cx{X) , w G (p, cr), so that tt^ o F{t — u) = 
f{x)n'^ o F{w) = 0, and the l.h.s. of ()2.8p is well-defined. We have the following categorical 
analogue of [211 Thm.2.3],[3l Cor.l.l2,Prop.2.8]. 

Proposition 2.6. Let X be a locally compact H aus dor ff space, C a Co(X) -category, and {'Kx ■ C ^xj^ex 
the set of fibre functors of C. For every p,a £ obj C, t G {p,a), the norm function nt{x) := 
\\T:x{t)\\, xdX, is upper semicontinuous and vanishing at infinity; moreover, \\t\\ — swp^^x \\'^x{t)\\ ■ 

Proof. Let t e {p,a) , p,a & obj C, so that t* o t £ {p, p) ■ Since (p, p) is a Co(X)-algebra w.r.t. 
the Co(X)-action of DefH^l it follows from [H Thm.2.3] that the map nt(x) = \\nx{t* ot)\\^^^ , 
X £ X , is upper-semicontinuous; moreover, \\t\\'^ = \\t* ot\\ = sup^, ||7r2;(i* ot)\\. □ 

Let C be a Co (X) -category. If the norm function nt is continuous for every arrow t G (p, cr), 
p,cr G obj C , then we say that C is a continuous bundle of C*-categories. In such a case, it follows 
from the above definition that the spaces of arrows of C are continuous fields of Banach spaces; 
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in particular, (p, p) is a continuous bundle of C*-algebras for every p G obj C. The proof of the 
following lemma is trivial, thus it will be omitted. 

Lemma 2.7. Let X be a locally compact Hausdorff space, C a continuous bundle of C*-categories 
over X . Then, the closure for subobjects Cs and the additive completition C+ are continuous 
bundles of C*-categories. 

Remark 2.2. Let X be a locally compact Hausdorff space, C a continuous bundle of C*-categories 
over X , p,(J G obj C . In the definition of continuous field by Dixmier-Douady, the vanishing-at- 
infinity property is not assumed for norm functions; as a consequence of this fact, \i U C X is 
open and W := U is the closure, then the restriction r]w{p,<^) defines a unique continuous field 
over U , i.e. the restriction rjw{p,(y)\u in the sense of [H 10.1.7]. In order to be concise, we define 
m{p,cf) := r}w{p,fy)\u- 

2.2.2 Local triviality and bundle operations. 

Let C, be a C*-category; we define the constant bundle XC, as the Co (X) -category having the 
same objects as C, , and arrows the spaces {p, a)^ of continuous maps from X into {p, a) vanishing 
at infinity, p,cr & obj C, (the structure of Co (-^) -category is defined in the obvious way). In the 
case in which X is compact, we consider the spaces of continuous maps from X into (p, cr); if 
t G {p, a) , then with an abuse of notation we will denote hy t G {p, a)-^ the corresponding constant 
map. 

Let C be a Co (X) -category, C, a C*-category. We say that C is locally trivial with fibre 
C, if for every x G X there exists a closed neighborhood W 5 x with a Cf,(W^) -isomorphism 
aw ■ Cw — > WC, , in such a way that the induced map aw ■ obj C — > obj C, does not depend on 
the choice of W . The functors aw are called local charts. 

The above definition implies that p, := awip) , P G obj C, does not depend on W; in this way, 
every space of arrows (p, a) is a locally trivial continuous field of Banach spaces with fibre (p,, a,) , 
trivialized over subsets which do not depend on the choice of p, cr . It is clear that we may give the 
analogous definition by using open neighborhoods, anyway for our purposes it will be convenient 
to use closed neighborhoods, as the corresponding local charts map unital C*-categories into unital 
C*-categories. 

Example 2.3. Let ^ be a Co (X) -algebra. The C'-category with objects the projections of A, 
and arrows {E, F) := {t e A : t = Ft = tE} is a Co (^) -category. 

Example 2.4. Let C be a unital C*-category, X a compact Hausdorff space. The extension C*- 
category is defined as the closure for subobjects of the constant bundle XC . It turns out that 
C is a continuous bundle of C*-categories w.r.t. the C(X) -structure induced by XC (see [30 ). 

Example 2.5. Let X be a locally compact Hausdorff space. Then, vect(X) fSec lI.1.3)) is a 
continuous bundle of C'-categories with fibre the category hilb of Hilbcrt spaces. If X is locally 
contractible, then vect{X) is locally trivial; in fact, if C X is contractible then every vector 
bundle £ ^ X can be trivialized on ly. If X is not locally contractible, then in general vect(X) 
may be not locally trivial; in fact, it could be not possible to trivialize all the elements of vect{X) 
over the same closed subset. 

Let X be a locally compact, paracompact Hausdorff space. We assume that there exists a 
locally finite, open cover {Xi} and, for every index i, a continuous bundle of C*-categories Ci over 
the closure Xi, with Co (X^ ) -isofunctors 

• ''lj,x^j (Cj) m.x^j (Ci) ■■ aij o ajk = onk ■ 
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In the previous expression, iji^Xij denotes the restriction epifunctor of Ci over Xij . By hypothesis, 
the sets {obj Ci}^ are in one-to-one correspondence. We want to define a category , having 
the same objects as a fixed Ck , and arrows the glueings of the continuous fields of Banach spaces 
{{aik{p),aik(<j))}^, p,<T e obj Ck, in the sense of 10.1.13] (note that aik{p),aik{<j) e obj d, 
thus {aik{p), ctiki^r)) is a continuous field over Xi). Since in the above reference open covers are 
used, for every index i we consider the restriction {aik{p),aik{(7))\xi , and define the spaces of 
arrows {p,o-)^ of as the glueings of { {aik{p),aik{(T))\xi }j w.r.t. the isomorphisms 

o^ij ■ 'nj.x.j{ajk{p),ajk{cr)) m.x.jiatkip), aik{(7)) 

(recall Rem l2.2( ). Let p, ct £ obj ; by definition, the elements t e ip,o')'' are in one-to-one 
correspondence with families 

e J|( a^k{p),a^k{a) ) : o-qj^x,,{tj) = Vi.x,,{U) . (2.9) 

i 

We define an involution {ti)* := (t*) and a composition {t'^) o (ti) := {t[ o ti) , in such a way that 
is a C*-category. Now, our definition does not ensure that is a Co (X) -category, in fact the 
Co (X) -action on a continuous field of Banach spaces may be degenerate in the case of X being 
not compact. We define a C*-category C having the same objects as , and arrows the spaces 
{p, cr) :— Co{X){p, a)^ . It is clear that C is an ideal of . We call C the glueing of the categories 
Ci . By construction, C is a continuous bundle on X , satisfying the following universal property: 
for every index i there exists a C*-isofunctor tt^ ; Cxi Ci , T^i^p) := pi , such that 

TTi o -kJ^ = aij ; (2.10) 

to be concise, in the previous equality we identified tt^ (resp. tt^^) with the restriction on Cxij 
(resp. Cj-x,, )• 

3 Tensor C*-categories. 

Let T be a unital C*-category. As customary, we call tensor product an associative, unital C*- 
bifunctor ® : T x T ^ T admitting an identity object t £ obj T, in such a way that l ® p — 
p (S) i = p, /9 £ obj T. In such a case we say that T is a tensor C*-category, and use the notation 
(T, (g), i) . For brevity, we adopt the notation pa ;= p ® a , so that if t £ (p, cr) , £ (p', a') , then 
t ® t' ^ {pp' , aa') . Thus, if we pick p' = a' = l, then we obtain that every space of arrows (p, cr) 
is a (6, t)-bimodule. In particular, t®li = li,^t = t, t G {p,cr) ■ Note that (t, t) is an Abelian 
C*-algebra with identity 1^ . For basic properties of tensor C*-categories, we will refer to 123) . 
For every p £ obj T, we denote by p the tensor C'-category with objects p^ , r £ N, and arrows 
{p^ , p*) ; we call p the generating object of p. 

Duals of locally compact (quantum) groups are well-known examples of tensor C*-categories. 
Another example, which will be of particular interest in the present paper, is the category vect(X) , 
with X compact fSec ll.1.3)) . The tensor product on vect(X) is defined as in [2l §l],[20l §1.4], and 
will be denoted by (X>x (no confusion should arise with the C(X) -algebra tensor product); note 
that (t,i) = C{X). 

Example 3.1. Let .A be a C*- algebra. Then, the set end^ is endowed with a natural struc- 
ture of tensor C*-category: the arrows are given by elements of the intertwiner spaces (p, cr) := 
{t £ A : tp{a) = a{a)t, a £ A} , p,a E end^, and the tensor structure is defined by composition of 
endomorphisms (see [11, §1]). 
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3.0.3 DR-dynamical systems. 



Let p G obj T. Then, a universal C"''-dynamical system is associated with p, in the following way 
(see |T2j §4] for details). For every r, s G N, we consider the inductive limit Banach space O^"* 
associated with the sequence v,s : {p^ , P^) ^ (p'^^P*"*"^) j ir,s{t) := t Ip , r G N; in particular, 
Op is the inductive limit C*-algebra associated with the sequence obtained for r = s . Composition 

of arrows and involution induce a *-algebra structure on ^Op := J2fez ■ Now, there exists a 
unique C*-norni on '^Op such that the circle action 

z{t) -.^ zH , z <eT , t eO'^p , k eZ (3.1) 

extends to an (isometric) automorphic action. We denote by Op the corresponding C*-algebra, 
called the Doplicher- Roberts algebra associated with p (DR-algebra, in the sequel). A canonical 
endomorphism £ endOp can be defined, 

p,{t) ■.^lp(g>t , te{p\p') . (3.2) 

We denote by (Op, T, p*) the so-constructed C*-dynamical system. By construction, p^,oz = zop^ , 
z G T; moreover, {p'^,p'') C {pi, pi), r, s G N, so that there is an inclusion of tensor C*-categories 
p^%. We say that p is amenable if p = , i.e. (p^ , p'^) = {pi, pi), s G N (see [23l §5]). 
The above construction is universal, in the following sense: if tt : p — > ct is functor of tensor 
C*-categories, then there exists a C*-algebra morphism 

Tf:Op^O, , 9it) := Tr{t) , t G (p^ p') (3.3) 

such that cr* o TT = TT o p^ and zo7f = 7foz, zgT. IfTrisa C*-epifunctor, then tt{p1,pI) Q 
(cr^jCr^); if a is amenable, then T^{pl,pl) = (c^j^J) and tt is a C"''-epimorphism. 

Example 3.2. Let hilb denote the tensor C*-category of finite dimensional Hilbert spaces; if 
p G obj hilb, then Op is the Cuntz algebra Od , where d is the rank of p ([Bj). li £ ^ X is a rank 
d vector bundle, then the associated DR-algebra is the Cuntz-Pimsner algebra Os associated with 
the module of continuous sections oi £ . It turns out that Og is a locally trivial bundle with fibre 
Od (see [301 §4], [311 [33j). 

3.0.4 Tensor categories as C(X) -categories. 

Let (T, ®, l) be a tensor C*-category. We define X'' as the spectrum of the Abelian C"''-algebra 

{/ G (t, : / ® Ip = Ip ® / e (p, p) , P e obj T} ; (3.4) 

note that (|3.4p has identity It, thus X'' is compact. In the sequel, we will identify C{X'') with the 
C*-algebra (1^ . 

Proposition 3.1. Every tensor C*-category {T,®,b) has a natural structure of tensor C{X'')- 
category, i.e. ® is a C{X^) -bifunctor. 

Proof. For every p G obj T, we define the map ip : C(X') — > {p,p), ip{f) ■= f ® '^p- Since 
ip(lt) = It (8) Ip = Ip , it is clear that ip is a non-degenerate C*-algebra morphism. If t G {p,cr), 
then {la® .f)°t = t® f = to{lp® f); thus i„{f) ot = toip{f), and T is a C(X'-) -category. The 
fact that (g) preserves the C(X'^) -action follows from the obvious identities 

{laa' ® f)o{t®t') = {t® f ® t') = {t®t')® f ={t® t') O (Ipp, (g) /) , 

f eC{X^),te{p,n),t' e{p',a'). □ 
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Remark 3.1. According to the notation of Sec r2.2l in the sequel we will write ft := f®t, f G C{X'-), 
t G {p,cr)- Let now U C X'^ he an open set; if / G Cu{X'-), t G {p,(j), t' G {p',a'), then 
ft G (p, a)u , and it is clear that /i ® t' G (pp', a-a')u . 

It follows from Prop |2.6l that for every a; G X' there exists a fibre functor tt^ T . A 

structure of tensor C*-category is defined on Tr , by assigning 

f PxC^x ■■= {P(j)x (o t:^ 

\ nx{t) (SxT^xif) := TTx{t(S)t') ^ ■ > 

It is easy to prove that ®x is well-defined; in fact, if u G (p, cr) , v' G {p\a') and nx{v) — T^x{t) , 
T^xiv') = TTx{t') (i.e., t-v e {p,<j)x-{x}, t' -v' e {p',cr')x-{x}), then t~v ^ fw, t' ~ v' ^ f'w' 
for some /,/' G C^(X), so that = fw®v' + /'w' , and tt^tI^ ^i') -7ra:(t^(8)'y') = 0- 

This also proves that the fibre functors tTx, x G X, preserve the tensor product. More generally, 
the above argument applies for the restriction Tw over a closed W C X"-: a tensor product 
'■ %¥ X Tw — > is defined, in such a way that the restriction epimorphism rjw '■ T — > Tw 
preserves the tensor product. We say that T is a continuous bundle of tensor C*-categories if 
it is a continuous bundle w.r.t. the above C(X') -category structure. As a consequence of the 
above considerations, we obtain a simple result on the structure of the DR-algebra associated with 
an object p G obj T . The proof is trivial, therefore it will be omitted; note that we make the 
standard assumption that the map < ^ t ® Ip , t G (p**, p"*) , r, s G N, is isometric. 

Proposition 3.2. Let T be a tensor C*-category (resp. a continuous bundle of tensor C*- 
categories), p G obj T. Then, Op is a C{X'') -algebra. In particular, if p is a (locally trivial) 
continuous bundle, then Op is a (locally trivial) continuous bundle of C*-algebras. 

A tensor C*-category (T, eg), t) is said to be symmetric if for every p,a ^ obj T there exists a 
unitary e{p,a) G {pa,ap) implementing the flip 

e(cr, cr') o{t® t') = [t' ®t)o e(p, p') , (3.6) 

t G (p, (t) , G (p', cr') , and satisfying certain natural relations (see [HI §1]). In essence, the notion 
of symmetry expresses commutativity of the tensor product. It is well-known that duals of locally 
compact groups are symmetric tensor C*-categories. 

Remark 3.2. Let (T, e) be a symmetric tensor C*-category. By definition, C(X' ) C (/,,/,). On 
the converse, if z G (t, t) , p G obj T, then by p.6p we find z®lp = e(p, l) o (Ip ® z)o e(t, p) ; since 
e{p,i) — £(t,p) = Ip, we conclude z G C{X'-) and (i, i) — C{X''). For every x G AT', we denote 
by TTa; : T ^ 7^ the fibre epifunctor associated with T as a C(X'^) -category. By (|3.5[) . every 
preserves the tensor product; moreover, by defining £x{px^ <^x) '■— T^xi^ip, f)) , we obtain that every 
Tx is symmetric. By definition, the fibre functor tt^ preserves the symmetry. 

Let p G obj T . By ^12,, Appendix], for every r G N there is a unitary representation of the 
permutation group of r objects, which we denote by P,- : 

£p:P,-.(p^p'■) , p^Spip). (3.7) 

For every r G N, we introduce the antisymmetric projection 

Pp.e,r ■= sign(p) £p(p) . 

Let p* G endOp be the canonical endomorphism. It follows from p.6p that p* is "approximately 
inner" , in the sense that 

p,it) = lp(g,t^ep{s,l)t£p{l,r) , te{p\p') (3.8) 
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(recall that t is identified with t ® Ip in Op). For brevity (and coherence with ([377])), in p.8p we 
used the notation £p(r, s) :— e{p^ , p") , r, s S N. Let (T, (g), l, e) be a symmetric tensor C*-category. 
We denote by aut^T the set of C*-autofunctors a of T satisfying 

a{p) — p , a{t®t') — a{t) ® a{t') , a{e{p,a)) ~ e{p,a) , (3.9) 

t G {p,cr), t' e (p' s{p,a) e {pa,ap). In particular, let us consider the case T = p for some 
object p. We note that in order to obtain the third of (|3.9p it suffices to require a(ep(l,l)) = 
£p(l,l). Moreover, z S aut^p for every z G T, where z is defined by (|3.ip . We denote by 
autgOp C autOp the closed group of automorphisms commuting with , and leaving every 
£p(r, s) fixed, r, s G N. If p is amenable in the sense of Sec l3.0.3l then by universality of Op we 
obtain an identification 

autep = auteOp . (3.10) 



In fact, every C"''-autofunctor a G aut^p defines an automorphism of Op as in (j3.3p : on the converse, 
every f3 G aut^Op defines by amenability a C*-autofunctor of p. In the sequel we will regard aut^p 
as a topological group, endowed with the pointwise-convergence topology defined on aut^Op. The 
following notion will play an important role in the sequel. 

Definition 3.3. Let (T, ®, t, e) be a symmetric tensor C*-category. An embedding functor is 

a C* -mono Junctor i :T ^ vect(X'), preserving tensor product and symmetry. 

The following definition appeared in [T^ §2]. A tensor C*-category (T, (8),i) has conjugates if 
for every p G obj T there exists p G obj T with arrows R G (i,pp), R G (t,pp), such that the 
conjugate equations hold: 

(R* ®lp)o{lp®R) = lp , (i?*0l-)o(lp®i?):=lp . (3.11) 

The notion of conjugation is deeply related with the one of dimension. Let us define 

d{p) = R* o Re ii,L) , d{p) > ; (3.12) 

then, it turns out that d{p) is invariant w.r.t. unitary equivalence and conjugation ( \12l §2]). If T 
is symmetric, then (with some assumptions) d{p) — dli, for some d G N. In the case T = hilb, 
then d is the dimension in the sense of Hilbert spaces. For further investigations about the notion 
of dimension, we refer the reader to l23l [TSl. 



Example 3.3 (Group duality in the Cuntz algebra). The following construction appeared in [TT] . 
Let Hd be the canonical rank d Hilbert space. For every r, s G N, we denote by {H^,H'') the 
Banach space of linear maps from into H'^ ; it is clear that (H^,H'^) is isomorphic to the 
matrix space M^r . The category Hd with objects H^, r G N, and arrows {H^,H'') is a 
tensor C*-category, when endowed with the usual matrix tensor product. Hd is symmetric: we 
have the operators 9{r,s) G {H^'^'' , H^'^''') , 9{r,s)v(^v' := w'(8)w, v € H'^, w' G . Moreover 
autgHd = autgOd — V{d) ([11] Cor. 3. 3 , Lemma 3.6]). The DR-dynamical system associated 
with Hd is given by {Od,T, o^d) , where Od is the Cuntz algebra endowed with the gauge action 
T — > autOrf and the canonical endomorphism ad G endO^ . Let G C U((i) be a closed group. 
Then, every tensor power H^, r G N, is a G-module w.r.t. the natural action g^ip ^-^ 9r^J , g G, 
gr := g ® . . . ® g , ip G -ff ^ . We denote by G the subcategory of Hd with arrows the spaces of 
equivariant maps 

{H\ H')g := {t G (i/^ H'):gsOt^tog, , geG} . (3.13) 
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It is well-known that the dual of G (i.e., the category of finite dimensional representations) is recov- 
ered by extending G w.r.t. direct sums. An automorphic action G —>■ autOd can be constructed, 
by defining 



Thus, every {H^,H^)g coincides with the fixed-point space w.r.t. p.l4p . We denote by Oq the 
C*-subalgebra of Od generated by [H^ , H^)g ^ r,s £ N; it turns out that Oq is the fixed-point 
algebra w.r.t. (j3.14p . Since idog — goud^ g G G , we obtain that ad restricts to an endomorphism 
(Jg e endOc ■ It turns out that {H'^,H^)g ~ [aQ^a^), r, s G N; in other terms, we find G — ac 
(in particular, for G — {!}, we have Hd = ad)- Moreover, the stabilizer axito^Od of Og in Od 
is isomorphic to G via p.l4p . Thus, G and the associated tensor C*-category G are recovered by 
properties of the C*-dynamical system (Og,(Tg), together with the inclusion Oq ^ Od- 

Let (T, be a symmetric tensor C"''-category. p £ obj T is said to be a special object if 

there exists d e N, V <^ {^',p'^) such that 



It turns out that V is unique up to multiplication by elements of T (see |121 §3]). In the sequel, we 
will denote the above data by (p, d, V) . It is proved that the integer d coincides with the dimension 
of p ( \12\ Lemma 3.6]). Special objects play a pivotal role in the Doplicher-Roberts duality theory. 
In fact, tensor categories generated by special objects are in one-to-one correspondence with duals 
of compact Lie groups, in the case (i, /,) ~ C. Since in the sequel we will make use of such concepts 
at a detailed level, in the next Lemma an abstract duality is summarized for special objects. 

Lemma 3.4. Let (p, d, V) be a special object, and suppose (i, i) ~ C . Then, the following properties 
are satisfied: 

1. p is amenable, and there is a C*-monomorphism i : (Op,pt,) ^ {Od,crd); 

2. the above monomorphism defines an embedding functor i^ : p ^ Hd , in the sense of Def \3.3[ 

3. there is a closed group G C §U((i) such that i^,{p) — G , so that G, p are isomorphic as 
symmetric tensor C*- categories; 

4-- i restricts to an isomorphism {Op,p^) ~ (OgjCtg)/ 

5. G is isomorphic to the stabilizer of Og in Od w.r.t. the action ^SA^; 

6. if a G autep, then there is a unitary u G U((i) such that i o a = u o i (where u £ mxtgOd is 
defined as in 1^3.14^ ). 

Proof Point 1 is [TH Lemma 4.14]. Points 2,3,4,5 are proved in [lU Thm.4.17]. About point 6, let 
a e autep. Since p*{V) = £p{d, 1)V (recall (|3.8p ). we obtain 



Thus, V*a{V) is p,-invariant, and V*a{V) G = C (see [HI Lemma 4.13]). Now, a(Pp,e,d) = 
Pp.s,d 1 SO that 



geautOd : g{t) ■.= gsotog; , geG,teiH\H') . 



(3.14) 




(3.15) 



p^{V*a{V)) = V*ep{l, d)a{ep{d, l)V) = V*a{V) . 



1 = \\Vf > \\V*a{V)\\ = \\V\\ \\V*aiV)\\ \\aiV*)\\ > ||Pp%.,|| = 1 
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we conclude that V*a{V) = Zp, Zp G T. Thus, 

aiV) = Pp,e.MV) = VV*aiV) = ZpV . 

Let now Ap G T, = Zp. We define the automorphism f3 :— \p o a ^ aut^p, in such a way that 
f3{V) = Ap o a{V) = XppV = V. By [U, Cor.4.9(d)], we obtain that there is w G SU(d) such that 
i o p = V o i . By defining u :— XpV G V{d) , we obtain u o i — i o a . □ 

3.0.5 Twisted special objects. 

Lemma [3.41 impfies that tensor C*-categories generated by special objects correspond to duals of 
compact Lie groups G C SU((i) , in the case (t, t) ~ C. In particular, by performing the embedding 
p Hd , we obtain that V corresponds to a normalized generator of the totally antisymmetric 
tensor product A'^Hd ■ In the case in which (t, l) is nontrivial, the notion of special object is too 
narrow to cover all the interesting cases. For example, let us consider the category vect(X) , where 
X is a compact HausdorfF space: if £" — > X is a rank d vector bundle, then it is well-known that the 
totally antisymmetric tensor product A'^E is a line bundle, in general non-trivial. The cohomological 
obstruction to get triviality of A'^E is encoded by the first Chern class oi £ . In the particular case 
in which A'^^ is trivial, then we may find a (normalized) section, which plays the right role in 
the definition of special object. Since our duality theory will be modeled on vect{X), it becomes 
natural to generalize the notion of special object, in such a way to include the above-described case. 

Let T be a symmetric tensor C*-category. A twisted special object is given by a triple (p, d, V) , 
where p G obj T, d G N, and V C is a closed subspace such that for every V,V' G V, 

f <g)V = V f eV 

(V* ® Ip) o (Ip ® T/') = i-iy'-'d-^V* oV')®lp (3.16) 
VV* spa.n{V' oV* eVp} = (i, i) ® Pp,s,rf • 

Note that V*V' G (t, t) , thus V is endowed with a natural structure of right Hilbert (i, i) -module. 
It is clear that VV* may be identified with the C*-algebra of compact, right (i, i) -module operators 
on V, and that Pp^e.d is the identity of V. The map i : (t, i) K{V), i{f) := / ® Pp,s.d defines 
a left (i, i)-action on V; note that (I3.16f 3)) implies that i is surjective. From ()3.16r 3)) we also 
obtain that V is full, in fact \\V* o V\\ = \\V oV*\\= \\fv (S> Pp,e,d\\ , F G V, /y G (t, t) , so that 
every positive element of (i, i) appears as the square of the norm of an element of V. Moreover, 
i{f)V = f (g)V = 0, V € V, implies f^V*V = 0, i.e. ffy = 0, fv V*V G (t, t) ; since at 
varying of F in V we obtain all the positive elements of (t, t) , we find that f ~ Q, and the left 
action i is injective. We conclude that V is a bi-Hilbertian (/,, t)-bimodule. 

Lemma 3.5. // existing, the Hilbert (t, l) -bimodule V is unique. Moreover, there exists a unique 
up-to-isomorphism line bundle Cp — > such that V is isomorphic to the module of continuous 
sections of Cp . 

Proof. The generalised Serre-Swan theorem proved in [8] implies that V is the module of continuous 
sections of a Hilbert bundle £p — > X'; since K{V) ~ C{X''), we conclude that Cp has rank one, 
i.e. it is a line bundle. We now pass to prove the unicity; we consider a finite set of generators 
{FJ C V, so that Y.^ ° y* = Pp,e,d , V* oV^ = l,. If W C (i, p'') is another (i, i) -bimodule 
satisfying ((XTCl) and G W, then W = Pp.e,d o W. This implies W = Y^iVi ° (^»* ° W) , with 
V* oW [i, l) , thus W eV. This proves W = V. □ 

The set of transition maps associated with Cp X^ defines a T-cocycle in H^{X\T) . The 
isomorphism H^{X'-,T) ~ iJ^(X', Z) allows one to give the following definition. 
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Definition 3.6. The Chern class of a twisted special object {p,d,V) is the unique element c{p) 6 
H'^(X\Z,) associated with Cp. 



By definition, usual special objects are exactly those with Chern class c(p) = 0; in such a 
case, V is generated as a (t, /,) -module by an isonietry V S {b,p'^). Let now W C X''] we 
denote by rjw : T — > the restriction epimorphism; by using the argument of Rem l3.2l for 
every p,a £ obj T we define ew{p,o-) Vw{£{p,o')) , and conclude that {Tw , (^w , Vw i^-) i £w) is 
symmetric. 

Corollary 3.7. For every x e , there exists a closed neighborhood W C X'' , W 3 x, such that 
Vwip) is a special object. 

Proof. It suffices to pick a closed neighborhood W trivializing Cp : this implies the existence of 
a normalized section of Cp\w , which appears as an element Vw S '?iy(V) C riw{t-,p'^) such that 
V^oVw ^ Vwi^i) , Vw oV^ ^ Vw{Pp,s,d) ■ □ 

Let ^ be a C*-algebra. Twisted special objects in endy^ have been studied in ^32", §4], and 
have been called special endomorphisms. 

Lemma 3.8. Let [p, d, V) be a twisted special object. Then p is amenable, and p is a continuous 
bundle of tensor C*-categories with base space X'' . For every x G X'' , there exists a compact Lie 
group G{x) C §lLJ((i) such that the fibre p^ is isomorphic to G{x) . 

Proof. As first, we prove that p is amenable. Let {Xi} be an open cover trivializing Cp, with a 
subordinate partition of unity {A^}. We denote by pi the restriction of p on the closure Xi, and 
by rji : p ^ Pi the restriction epifunctor. Since Cp\xi is trivial, we find that {pi,d,Vi) is a special 
object, where Vi G rjiiV) C {t, pf) is a suitable partial isometry. By [12j Lemma 4.14] we find that 
Pi is amenable, i.e. (p^ *,pf ,) = {p^-^Pi), s e N. This implies that rji induces a C*-epimorphism 
rji : {Op,p^) {Op,,pi^^). Let t G {pi, pi); for every index i, we consider r)i{t) e (/o[^,,pf,J. 
Since pi is amenable, we conclude that rji{t) G {p^,pf). By construction, r/i : {p"^ , p^) {Pi,Pi) 
is the restriction on Xi of the continuous field of Banach spaces [p"^ ,p^); by the Tietze theorem 
[21 10.1.12], there is ti € [p^ , p^) such that r]i{ti) = r]i{t) . Now, we have t = J^i^i^i'i since 
'^iKti & {p'^,p''), we conclude that t S {p"^ , p") , and p is amenable. We now prove that p is a 
continuous bundle. Since p is a twisted special object, wc find that p* G endOp is a quasi-special 
endomorphism in the sense of [32J Def.4.10], with the additional property that the permutation 
symmetry j32i Def.l.l,§4.1] is satisfied. Thus, by applying 32, Thm.5.1,Cor.5.2], we find that Op 
is a continuous bundle, with fibres isomorphic to C'g(x) , x G X , where each G{x) C §U((i) is a 

compact Lie group. The same results also imply that p is a continuous bundle with fibres G{x) , 
xeX. □ 

Let (p, d, V) be a twisted special object. Then, V appears as a Hilbert (t, t)-bimodule in Op, 
so that an inner endomorphism ly € endO^ is defined, in the sense of [3ll §3]. In explicit terms, if 
{ipi } C V is a finite set of generators for V , then 

i^it) -.^Y^i^it^i , teOp . (3.17) 

Since 'z{'4>i) = z'^ipi, z S T, we find that ly commutes with the circle action, i.e. — z o v , 

z e T. Thus, in particular wc find v{0^) C , /c e Z. 
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3.0.6 Continuity of tensor C^'-categories. 

The following notion is a generalization of the analogue in [T2j §3]. We say that a symmetric 
tensor C*-category (T, is T-specially directed if every object p' G obj T is dominated by 

a twisted special object p £ obj T, i.e. there exist orthogonal partial isometries Si G 
i = 1, 2, . . . ,TO, with Ip, = J2t S* o Si . 

If T has direct sums, subobjects and conjugates, then T is T-specially directed, with the 
additional property that every p' is dominated by a (non-twisted) special object (see the proof of 
[H Thm.3.4]). 

Theorem 3.9. Let (T, e) be a symmetric tensor C*-category. Then, C(X') coincides with 
(t, i) . If T is T-specially directed, then T is a continuous bundle of symmetric tensor C*-categories 
over X' . 

Proof. In Rem l3.2l we verified that C{X^) = (t, i) , thus it remains to prove that T is a continuous 
bundle. At this purpose, we consider p, cr G obj T, t G (p, cr) , and prove the continuity of the 

1/2 

norm function nt{x) :— \\Trx{t)\\, x G X'. Since nt{x) — W-K^it* o t)\\ , with t* o t E {p,p), it 
suffices to verify the continuity of nt only for arrows that belong to (p, p) , p G obj T . By Lemma 
I3.8|, the norm function nt is continuous for every t G (p'",p*), r, s G N, where p is a twisted 
special object. Since there is an obvious inclusion ^ p, the norm function remains continuous 
for arrows between tensor powers of twisted special objects. This implies that if we consider the 
full C*-subcategory T^p of T with objects tensor powers of twisted special objects, then T'*^ is 
a continuous bundle of C*-categories over . By Lemma \2.7l we conclude that {T'^p)s,+ is a 
continuous bundle of C*-categories. Since T is T-specially directed, we find that every p' G obj T 
is an object of (T*^)^ , in fact p' is the direct sum of subobjects of p"' , i = 1, . . . , m, where p is 
a twisted special object. We conclude that the norm function of p' is continuous, and the theorem 
is proved. □ 

Remark 3.3. An analogue of the previous theorem has been proved by P. Zito ([36l §3]), in the 
setting of 2-C"''-categories with conjugates. In the above-cited result, no symmetry property of the 
tensor product is assumed. It is not difficult to prove that the bundle structure constructed by 
Zito coincides with the one of Thm l3.9l in the common case of symmetric tensor C*-categories with 
conjugates. 

Remark 3.4. The fibre epifunctors tTx , x £ X'- , considered in the previous theorem preserve sym- 
metry and tensor product, thus every fibre 7^ has conjugates; moreover, 7rj;(t, t) ~ C for every 
X € X . By closing each 7^ w.r.t. subobjects and direct sums, we obtain a tensor C*-category 
satisfying the hypothesis of [l2l Thm.6.1], which turns out to be isomorphic to the dual of a com- 
pact group G{x) . In particular, for each pair p^cr £ obj T, the fibres of the continuous field (p, a) 
are the finite-dimensional vector spaces {Hp.x^ H„^x)g(x) of G'(a;)-equivariant operators between 
Hilbert spaces Hp^^ , H^^x , x £ X^ . 

3.0.7 Local Triviality. 

In the next definition, we give a notion of local triviality for a symmetric tensor C*-category, 
compatible with the bundle structure of Thm l3.9l Let (7^, ®,, i,,e,) be a symmetric tensor C*- 
category, X a compact Hausdorff space; then, the constant bundle XT, (Sec l2.2|) has a natural 
structure of symmetric tensor C*-category, 

{t®^ t'){x) ■.= t{x)®,t'{x) , e^(p,CT) :=e.(p,CT) , (3.18) 
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t,t' G {p,(t)^ , p,(T € obj T,. Let now (T, be a symmetric tensor C*-category. The fibres 

%: , X & X\ are symmetric tensor C*-categories having the same set of objects as T, in such a 
way that the fibre epifunctors tTx ■ T ^ %; induce the identity map obj T obj = obj T 
fRem l^TTI) : moreover, preserves tensor product and symmetry fRem lH?^ . and every %c , x £ , 
has simple identity object. 

Definition 3.10. Let (T, he a symmetric tensor C*-category, endowed with the natural 

C{X^) -category structure. T is said to he locally trivial if it is locally trivial in the sense of 
Sec \2.2.2[ with the additional property that the local charts preserve tensor product and symmetry. 

In exphcit terms, there is a symmetric tensor C*-category {Tm,(E>», L-»,e,) with simple identity 
object, and a cover {Xi C X^} of closed neighborhoods with C*-isofunctors tt^ : Tx^ — > XiT, 
satisfying 

Mp) = T^jip) 

TTiit (g) t') = Tr,{t) (g)^' 7r,(t') (3.19) 
TTi{e{p,a)) = e^'ip, a) 

where p,(T £ obj T, t £ {p,a) , t' £ {p' , a') . If X is a compact HausdorfF space, we denote by 

sym(X,r.) (3.20) 

the set of isomorphism classes of locally trivial, symmetric tensor C*-categories with fibres iso- 
morphic to Tt , and such that the space of intertwiners of the identity object is isomorphic to 
C(X). 

Let (/O,, ®., t., £•) be a symmetric tensor C*-category with generating object p, , such that 
(t,,t,) ~ C. If (T, (X),i,e) G sym{X,p,), then T has the same objects as p.; in order to avoid 
confusion, we will denote by p the object of T corresponding to , so that T is generated by the 
tensor powers of p, i.e. T = p. 

In the following lines, we regard the topological group aut^.p, (|3.9p as the "structure group" 
for a locally trivial, symmetric tensor C*-category. Let K he a. topological group. A X-cocycle 
is given by a pair {{Xi} ^ {gij}) , where {Xi} is a finite open cover of X and gij : Xij — > 
K are continuous maps such that gij{x)gjk{x) = gik(x) , x G Xij^. We say that cocycles 
{{Xi} , {gij}) , {{X[} , {g'ljy^}) are equivalent if there are continuous maps uu : Xi H X'l ^ K such 
that gij{x)ujm{x) = Uii{x)g[^{x) , x G Xij n X[,^^ . The set of equivalence classes of -cocycles is 
denoted by H^{X,K). It is well-known that H^{X,K) classifies the principal X-bundles over X 
{m Chp.4]). 

Lemma 3.11. Let p, he amenable. Then, there is a one-to-one correspondence sym(X, p,) <-> 
H\X, aute.p.). 

Proof. Let (p, Cg),t, e) G sym{X,p,). Then, there are local charts tt^ : px^ Xip, , where 
{Xi C X} is a cover of closed neighborhoods. Let Xij ^ 0; then, every tt^ restricts in a natu- 
ral way to a local chart TTi.y : px^^ Xijp, . We define : Xijp, — + Xijp, , aij :— TTijj o ttJI^ ; 
by p.l9p . we obtain 

Uij {t ®^"' t') = {t) aij {t') , {e^" (r, s)) = (r, s) , 

t £ {pliPDxij, t' G {p^tiPDxij- Thus, aij G aut^, (X^jp.) . Now, the DR-algebra associated 
with p, (regarded as an object of Xijp,) is the trivial field C{Xij) (E> Op,; we denote by tt^ : 
C{Xij) (SD Op, Op, the evaluation epimorphism assigned for x G Xij . By (|3.10p . we may regard 
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aij as an element of autp,_e, (C(Xy) (g) Op^). In particular, a^- is a C(Xij) -automorphism, thus 
we may regard aij as a continuous map 

cty : autp.^e.Op. , [a^- := tt^ o aijiU-j (g) t) , 

where t £ Op^ , x € Xij , and 1^ G C(Xy) is the identity. Now, the obvious identity '^i,ijkO'^k]jk ~ 
T^iAjk ° '^jjjk ° '^jAjk ° T^k^jk implies Uik = aij o Ujk (over Xijk); thus, by applying (|3.10p . we 
conclude that the set {a^ } defines an aute,p, -cocycle. By choosing another set of local charts 
TT^ : p — > YhPm, we obtain a cocycle Phk ■— hk ° ^^'k hk)^^ which is equivalent to {ay}, in fact 
Phk = Vhi o aij o V^,^i , Vhi ■■ Xi DYh aute.p, , Vm := tt^ o tt^i . If (p', ®', i', e') is a symmetric 
tensor C*-category with a C*-isofunctor F : p ^ p' , then {tt^ o F} is a set of local charts associated 
with p'; thus, aij = (tt^ o F) o {F~^ o tt^^) is a cocycle associated with p'. In other terms, we 
defined an injective map 

i, : sym(X, p.) ^ aut^.p.) . 

On the converse, let {aij} be an aut^.p, -cocycle associated with a finite cover {Xi} of closed 
neighborhoods. As a preliminary remark, we consider the obvious structure of symmetric tensor 
C*-category (13.181) on the trivial bundle Wp, , W C X closed. With such a structure, every aij 
defines a C*-autofunctor aij : Xijp, — > Xijp, preserving tensor product and symmetry, and such 
that aij (p.) = p, . We consider the set of symmetric tensor C*-categories {{Xip,,®i, ii,ei)} (where 
Li, Si are defined according to p.lSp ). and the C"''-category T obtained by glueing every Xip, 
w.r.t. the C*-isofunctors aij 's. By construction, the objects of T are the tensor powers of p, ; the 
spaces of arrows of T are defined according to ()2.9p . We define a tensor product on T , by posing 
pIpI ■= pI'^^ ' r, s e N, and 

{U)^ ® it'i}^ := {U ®a'i)^ (3.21) 

where the families {U G C{Xi, {pi, pi))} , |<- £ C{Xi,{pl , pi ))| satisfy (|2.9p . Since each aij 
preserves the tensor product, we find 

V^.x,, iU (E) t'i) = rjj^Xi, (ti) 0i Vj,Xi, (t'i) 

= Oi^jiVj.Xi, (tj)) (E)j a^ji'qj.x,, (t'j)) 
= tty o (tj <S)j t'j) , 

so that the l.h.s. of (j3.2ip is actually an arrow in T; thus, the tensor product on T is well-defined. 
For the same reason, the operators 

e{r,s) ( Ix. ®e,{pl,pl) )i 

define a symmetry on T. We denote by T :— (p, ®, t, e) the symmetric tensor C"''-category obtained 
in this way. By construction, p is equipped with a set of local charts tTj : px^ — > Xip, such that 
Oiij = T^i^j o ttjI- (see (|2.10p '). thus the map i, is also surjective. □ 

Example 3.4 (The Permutation category.). Let (p,, ®,, i,, £,) be a symmetric tensor C*-category 
with (t,, i.) ~ C. We assume that [pi, pi) = {0} if r ^ s G N, and that every [pi, pi) is generated 
as a Banach space by the permutation operators £»p, (p) i P ^ IP?- • It is clear that in this case 
the automorphism group aut^.p, reduces to the identity. Let d G N denote the dimension of p.; 
by [m Lemma 2.17] we find that p, is isomorphic as a symmetric tensor C*-category to U(d) 
(see ExESl)- Thus, {pi, pi) ^ (ff^,F^)u(d), r G N. Let p G sym(X, p.); since aut^.p, = {id}, 
from the previous lemma we conclude p ~ Xp, . We denote by Vx.d — XV{d) the unique (up to 
isomorphism) element of sym(X, lLJ(o?)) . 
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3.0.8 Special categories. 



Let G C \][d) be a closed group. We denote by NG the normalizer of G in U((i) , and by 
QG NG /G the quotient group, so that we have an epimorphism 

p: NG^QG . (3.22) 

The inclusion G C l][d) implies that C'u(d) ^ Og ■ We denote by &ut{Od,OG) ^ autgOd the 
group of automorphisms of Od leaving Og globally stable, and coinciding with the identity on 
Ou(d) ■ From IJj Cor. 3. 3], we conclude that aut{Od,OG) is isomorphic to a subgroup of V{d), 
acting on Od according to (|3.14p . 

Theorem 3.12. Let {p,d,V) be a special object, and suppose (t, t) = C. Then, there is a closed 
group G C SU(d) with a group isomorphism aut^p ~ QG . Let n : eLUt{Od,OG) ^ autOg be the 
map assigning to a & SLUt{Od,OG) the restriction on Og; then, there is a commutative diagram 
of group morphisms 

NG ^QG (3.23) 



aut(Od,OG)^^auteOG 

The vertical arrows of the above diagram are group isomorphisms. 

Proof. By Lemma 13. 4| there are isomorphisms aut^p ~ autgG ~ autgOc; moreover, for every 
a G autep there exists u G V{d) such that u o i = i o a . Now i{Op) = Og , so that the previous 
equality implies that u G autO^ restricts to an automorphism of Og] moreover, for every g G G 
we find 

uogo ^(t) =uo g(u*{t)) = u o ^(t) = t (3.24) 

(we used u*{t) G Og, and g G auto^Crf). Thus, we conclude that uogou* G auto^Od, i.e. 
ugu* ~ g' for some 5' G G; in other terms, u G NG . Moreover, it is clear that ugoi — uoi = ioa, 
thus u G NG is defined up to multiplication by elements of G. Moreover, note that u\q^ —v\c)^, 
u,v £ NG, implies uv* G auto^Od, i.e. uv* G G. On the converse, if u G NG, t G Og , then 
g o u[t) = uo g'{t) = u{t) for some g' € G , and this implies u G aut(C'rf, Og) ■ We conclude that 
the map 7r(u) i— > p(u) , u G a.nt{Od, Og) , is an isomorphism. □ 

Definition 3.13. A special category is a locally trivial, symmetric tensor C*-category (p, (g),i,e) 
with fibre (p., ®., i., e.) , such that p, is a special object. 

We emphasize the fact that a special category is locally trivial in the sense of Def l3.10l thus the 
local charts preserve tensor product and symmetry. This also implies that (i,, t,) ~ C. 

Theorem 3.14. Let (p, 0, i, e) be a special category with fibre (p., (8>», i», s,) . Then, p is amenable. 
There exists d G N and a unique up to isomorphism compact Lie group G C SU(d) such that 
p, ^ G . Thus, Op is a locally trivial bundle of C*-algebras with fibre Og , and there is a one-to- 
one correspondence 

sym{X\ p,) ~ H\X\ QG) . (3.25) 

Proof. It follows from point (3) of Lemma [3.41 that the fibre of p is isomorphic to {G,®,l,,9), 
where G C §U((i) is a compact Lie group unique up to isomorphism. Note that G is amenable 
(see Ex l3.3p . Let now p, G endOp be the canonical endomorphism, so that {p^,p'^) C (pi, pi). 
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r, s G N. We consider a cover of closed neighborhoods {Xi} with local charts iVi : p ^ XiG , and a 
partition of unity {A^} subordinate to { } . Since G is amenable, every XiG is amenable; thus, if 
t e then 7T,{Xa) e Co(X„(a£,a^)) = Co{X,,{H\H')g) . Since n-\Go{X,,[H'- , W)g)) 

is contained in {p"^ , p'^) , we conclude that Xit G {p^ , p'^) . Thus t = X^i '^j^ ^ {p^ > P'^) ^ a-nd p is 
amenable. By Thm l3.1^ and Lemma 13.111 we obtain p.25p . The assertions about Op follow from 
PropEH □ 

For every T G sym(X, G), we denote by QT G H^{X,QG) the unique-up-to-isomorphism 
principal QG-bundle associated with T. The map (|3.25[) has to be intended as an isomorphism 
between sets endowed with a distinguished element, in the sense that Q{XG) coincides with the 
trivial principal QG -bundle X x QG . 

Some particular cases follow. If QG is Abclian, then H^{X,QG) is a sheaf cohomology group 
( [161 1.3.1]); this allows one to define a group structure on sym{X, G) . Let SY be the suspension of 
a compact Hausdorff space F, and QG arcwise connected. By classical arguments f |171 Chp.7.8]), 
we have an isomorphism sym(5y, G) ~ \Y, QG] , where \Y, QG] is the set of homotopy classes of 
continuous maps from Y into QG . In particular, if F = S*" is the n-sphere (i.e. X = 5*"+^ ), then 
sym(S'"+^,G) is isomorphic to the homotopy group 7r„((5G). 

Proposition 3.15. Let (p, be a special category. Then, there are G N and V C {i-, p'^) 

such that the triple {p, d, V) defines a twisted special object. 

Proof. We take d as the dimension of the fibre p, in the sense of (I3.12p . Let us consider the totally 
antisymmetric projection Pp^e.d G {p'^, p'^) . To be concise, we also write Pg^d ■— PHd,e,d G (H^, Hf) ; 
if TTi : p ~f XiG is a local chart in the sense of (|3.19|) . then ■ni[Pp,e,d) = Pe,d^ in fact 7r,i(ep(p)) = 9{p) , 
p G Pd- Now, Pg^d G {Hj,H'^)G and has rank one, in fact Pg^d = S o S* , where S G {i,,Hj)G 
satisfies [S* ® ld)'o (1,^ ® S") = {-if-'^d-^U ([m Lemma 2.2]j. We define 

V:={V e{L,p''):V^Pp,,.doV] . 

It is clear that V is a vector space. Moreover, V has a natural structure of a Hilbcrt G{X^)- 
bimodule, by considering the actions /, T^i— > V o f , f , / G C{X'-) — (i, l) . Wc now consider 
a partition of unity {A^} C (t, t) , subordinate to the open cover ; if G V , then 

M^y^V) = M^y^Pp.e,d o V) = Pg^d o Mxyw) . 

Thus, there exists fi G G(X') such that tt,{xI^^V) ^ f,S; if V G V, with 7r,(A.yV') = f^S , then 
X,V* oV = f*f'i. This implies 

X,{V* ® Ip) o (Ip ® V) = 7rr'(/*/,' [S* ®. Id) o (Id ®. S)) 

- (-l)'^-id-i Id 

^ X^{^l)'^-^d-\V* oV')<»lp . 

By summing over the index i, we obtain p.l6r 2ll. In the same way, the equality TTi(XiV' o V*) ~ 
flf*Pg^d implies (I3I13)). □ 

Let u G A^G. Since G C §U((i) , we find det(ug) ~ det(u) for every g € G. This means that 
the determinant factorizcs through a morphism detg : QG — * T. By functoriality of H^{X, • ), a 
map detg,* : H'^{X,QG) H^{X,T) ~ H^{X,Z) is induced. 

Corollary 3.16. Let (p, (g), i, e) be a special category with associated QG -cocycle Qp G H^(X, QG) . 
Then, p has Chern class c{p) — detQ^{Qp) . 
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Proof. For every y E QG , we denote by y G autgG ~ autgOc the associated autofunctor defined 
according to (|3.23p . We adopt the same notation if y : X ^ QG is a continuous map (so that, y 
is a continuous autgG-valued map). Let Q := {{Xi} , {yij}) be a QG-cocycle associated with p. 
If TTi : p ^ XiG are local charts associated with Q (i.e., tt^ o ttJ^ = jjij ), then it follows from the 
proof of PropEm that 7r,(V) = C{X,) (g) A'^Hd, where A'^iJd := PoaH^ is the rank one Hilbert 
space of totally antisymmetric vectors. Now, if u G lJ{d) then u{S) — det u-S' for every S € /\'^Hd ; 
so that, y{S) = detg(y) • S*, y E QG . Thus, for every V G C{X^j) A'^iJd we find 

TT, o ^-i(V^) = y,,(V^) = detQ(y,j) • V . 

This implies that the line bundle associated with V has transition maps detg {yij ) : Xij — > T . □ 

Example 3.5. Let us consider the case G = SU((i) , so that QG ~ T and (|3.22p is the determinant 
map det : U(rf) ^ T. By ThmEU we obtain 

sym(X,§U(d)) = i/\X,T) ~ ij2(X,Z) , 

and the map detg,* defined in Cor l3.16l is the identity. The previous considerations imply that 
elements of sym(X,SU(d)) are labeled by pairs (d, C) , d G N, C e H'^{X,Z). We denote by Tax 
the generic element of sym{X, SlLJ(d)) , and by (p, d, V) the twisted special object generating Td^ ■ 
By Cor 13.161 the class C is the first Chcrn class of the line bundle C{() — > X associated with V. 
The arrows of Tdx generated by the symmetries ep{r, s) , r, s E N , and elements of V, in the 

same way as the dual SU((i) is generated by the flip operators 9(r, s) and the totally antisymmetric 
isometry S G iL,H^) (see ExQ [HI Lemma 3.7]) 

4 A classification for certain Oc-bundles. 

We recall the reader to the notation of Ex l3.3l Let G C §lLJ((i) be a compact group, and p G 
sym(X, G). Since p is amenable fLemma 13.81 Prop l3.15| we find — p, i.e. {p^ , p") — {pi, pi), 
r, s G N. By Prop l3.2( the DR-algebra Op is a locally trivial continuous bundle with fibre Oq (an 
Og -bundle, for brevity). The structure group of Op is clearly given by auteOc — QG , in the sense 
that Op admits a set of transition maps taking values in autgOc Q autOc- 

On the converse, let A be an Og -bundle with structure group auteOc- We consider an 
autgOc-cocycle {{Xh}^ , {a/ifc}) associated with A, such that each Xh is a closed neighborhood. 
We denote by a^^. G auteOc the evaluation of auk over x G X^k. By construction, there is a 
one-to-one correspondence between elements a E A and ri-ples 

{ah)E®l{C{Xh)®OG) ■■ aH{x) ^ al^{au{x)) , X E Xuk ■ (4.1) 

Now, by definition of auteOc we have uq o — a^j. o ac , x E Xhk ■ Let us denote by 
the identity automorphism on C{Xh)', by the above considerations, for every a E A the n-ple 
{{ih <S) aG){a,h)) satisfies (|4.ip . and defines an element of A, denoted by p{a). An immediate 
check shows that the map {a p(a)} is a G(X)-endomorphism of A; we call p the canonical 
endomorphism of A. By construction, we have a set of local charts 

TT/i : {A,p) { C{Xh) ® Og , ® trc ) , nh{a) Oh , 

so that in particular 

^,(p^ p^) = C{X^,) ® (fT^, aj) , r,s EN. (4.2) 
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Since ac = G , the tensor category pC end^^ (defined as in Ex IS.ip is an element of sym(X, G) . 
Moreover, A is the DR-algebra associated with p, in fact the set {{p^ , p")} j. s total in A (this 
is easily verified by using (|4.2p . and the fact that {i(^G,CG)}r s total in Oq)- Thus, there is a 
unique (up-to-equivalence) QG-cocycle associated with (A, p) , namely 

Q{A,p) —Qp e H\X,QG) . 

Let A, A' be Oc-bundles with structure group autgOc ■ We denote by p G endxA, p' G endx^' 
the canonical endomorphisms, and by e G (p^,p^), e' G (p'^,p'^) the fiip operators defined by the 
associated symmetries. Moreover, (g) (resp. (E)') denotes the tensor product in endxA (resp. 
endx^'), and l e autx^ (resp. i' € autxA') the identity automorphism. By recaUing (|3.10p . 
we obtain a translation of Thm l3.1?l in terms of C*-algebra bundles: 

Proposition 4.1. With the above notation, the following are equivalent: 

1. Q{A,p) = Q[J^,p') e H\X,QG); 

2. there is a C{X) -isomorphism a : {A, p) — > {A' , p') , with a{e) — e' ; 

3. there is an isomorphism a* : (p, 0,6, i) {p' ,®' ,e' ,i') . 

We recall the reader to Ex l3.51 and briefly discuss the case G — §U((i) . We consider Td^c, G 

sym(X, SU(d)) , d G N, C G H'^{^i'^)i moreover, we denote by Od.( the DR-algebra associated 
with the generating twisted special object (p, d, V) . Now, Ex l3.4l implies that the C*-subalgebra 
Oe C Odx generated by {£p(r, s)}^ ^ is isomorphic to C{X) (g) Ou(d) . Let us consider the (graded) 
endomorphism G endOdx defined as in (|3.17p : since ^ = Og, we find that ly restricts to an 
endomorphism of , that we regard as an endomorphism (p G end (C(X) (g) C'u((i)) ■ By Ex l3.5l it 
follows that V is the module of sections of the line bundle >C(C) X with first Chern class (, and 
that Odx is generated by and V ; thus, p.l7p implies that Odx is a crossed product 

^ (C(X) ® x^^^^N , 

in the sense of [3TJ §3]. In the case in which X is the 2-sphere 5^ , it is well-known that ff^(5^, Z) ~ 
Z. By ProD l4.11 the set of isomorphism classes of Osu((i) -bundles with structure group autgOgiK^d) 
and base space S*^ is labeled by Z; in particular, G Z corresponds to the trivial bundle C{S^) ig) 
Osi](d) ■ 

5 Outlooks. 

A duality theory for special categories will be the next step w.r.t. the present work. In explicit 
terms, our aim is to prove a generalization of Lemma [3^ (i.e., [121 Thm.4.17]): instead of the dual 
G , our model category will be the one of tensor powers of a vector bundle £ ^ X , with arrows 
morphisms equivariant w.r.t. a group bundle Q ^ X. The ^-action on the tensor powers f , 
r G N, will be defined according to the gauge-equivariant X -theory introduced in [SF, §1], so that 
G will play the role of a dual object. 

An important step to prove such a duality is to find an embedding functor in the sense of Def l3.3l 
As outlined in the introduction of the present paper, existence and unicity of the embedding functor 
(and the dual object G) are not ensured, in contrast with the case (t, t) ~ C. In particular, non- 
isomorphic dual objects may be associated with the same special category, in the case in which 
more than an embedding functor exists. 
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We will use the cohomological classification p.25p to provide a complete description of such a 
phenomenon in geometrical terms. Given a special category T G sym.{X, G) and the associated 
principal QG-bundle QT G H^{X, QG) , our tasks will be the following: 

1. determine which are the geometrical properties required for QT in order to find an embedding 
functor i : T '-^ vect(X) ; 

2. in the case in which there exists the embedding i, give a characterization of £ and the dual 
object Q in terms of geometrical properties of QT , and determine the dependence of £ , Q 
on i . 

These questions have a natural translation in terms of C*-algebra bundles and C*-dynamical 
systems. If {A, p) is a C*-dynamical system as in SeclH one could ask whether there exists a 
vector bundle £ — > X with associated DR-dynamical system (0£,T, u) (see Ex l3.2p . such that 
there is a C{X) - monomorphism <f> : {A, p) ^ {Os,a). The existence of an embedding functor 
for p is equivalent to the existence of (j) i and the obstrution for the existence can be encoded by a 
cohomological invariant. 

Acknowledgements. The author wishes to thank an anonymous referee for many precious remarks 
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